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Chaplygin’s Transformation Applied
to Magnetogasdynamics

E. V. Larrone*
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HE studies!™® concerning two-dimensional magnetogas-
dynamics with infinite conductivity and either an aligned
or a transverse magnetic field seem to have missed the fact
that all of their exact solutions can be derived more easily
by applying the fundamental relations developed by Bers and
Gelbart” and, even more important, the fact that the analytic
continuation through the sonic line should be expressed in
terms of the Chaplygin® transformation ¢ rather than the
canonical transformation S introduced by Christianovich.?
Following Bers and Gelbart,” we note that if we can write
the following expressions in the physical (z, ¥) plane

Q(g) cosf = d¢/dx = P(g)(0y/0y)
Q(g) sinf = 0¢/dy = —P(g) (/o)
where P and @ are analytic functions of the velocity magni-

tude () only, then a solution in the hodograph (¢, 6) plane
may be written as

M

VG0 = 3 Cutnlt, 6)
m=0
Vo = Sudd + S(PQ)~16,dQ ®

where ¥, and ¢, represent any solutions of the generalized
hodograph equations
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For example, taking ¥, = 0 and ¢, = const means that

¥: corresponds to a generalized vortex flow, whereas ¢, =
and ¥y = const yield the equivalent of a source or a sink.
Then a superposition of the two solutions gives a spiral type
flow, and so on. The flow about an infinite half-plane, cor-
responding to the Ringleb'? solution, is given by

Y = CQ™!sind ¢ = CPQ™ cosb )

In this same general form the Chaplygin® transformation
may be written as

ORI

do _ _ 1 %6 _ _ oY 2% _ L
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On the other hand, the canonical transformation becomes
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The well-known relations for isentropic perfect gas flow are
immediately given by writing
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The magnetogasdynamic flow with an aligned magnetic
field, wherein the magnetic field lines are everywhere coinci-
dent with the streamlines, may be written by following
Tur’ev,? for a gas with infinite conductivity, as

B = apq q X (VX@q = (pw)7B X (V X B)
d
S b1 = mp)] = £ lult = mp)] ®
where m = «*/u = const. These relations correspond to
Eq. (1) if we write
= (u? + )V2(1 — mp) = q(1 — mp) ©
= (po/p) (1 — mp) = (po/p)(Q/)
so that Eq. (5) reduces to
do _m | _ el — —
a0 e (I — mp)2[1 — mp(1 — M?)]
(10)
K(o) = <p_°)2 (1 — M?) [_M__:l = K(S)
p 1 — mp(l — M?2)

where K is in agreement with the resuts first given by Iu’rev?
and later by Smith.® The effect of a weak magnetic field is
clearly shown by the series expansion

K@) = (B) @ =9 [1= 2 @+ a9 + o(22)]

(11
Similarly, for the vortex flow we obtain from Egs. (3) and (9)
= f V=0 (@o/a:)? = (v + 1)/2

1 — mp(l — M?)
o e &

()52 =

and from Eq. (4) we obtain the equivalent of the Ringleb®
flow as

¢ = (po/pg)cost
g <1 - 9‘2—”>_1 sinf = S‘iﬁ[1 T <“—2")2}
“ 7 7
(13)

When the same procedure is applied to the transverse mag-
netic field that is assumed to remain everywhere normal to the
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plane of the flow, we have from N ochevkina! or Grad,? for a
gas with infinite conductivity,

2 2 .
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Then the vortex flow is given by

B I3 L i (a® + b¥dp
v [ lw=— o [ G = o=

whereas the equivalent of the Ringleb solution is

v = [2 <h0 _ 7_“:2_1 - ba)]_m sind (1)

The corresponding solutions can also be easily obtained in
terms of the variable S in the canonical transformation given
by Eq. (6). However, it will now be shown that the analyti-
cal continuation through the sonic line is better expressed in
terms of the Chaplygin transformation ¢ given by Eq. (5).
For an isentropic perfect gas flow we find from Egs. (5) and
(7) that we can write for the Chaplygin transformation

o) = [ 2 = g — e +
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Consequently, any proper analytic function of ¢ can have an
analytic continuation across the sonic line. On the other
hand, we find from Egs. (6) and (7) that for the canonical
transformation we must write

s@ = [ a -y -

Y+ 1\ —1(1 — 1/2 <7_— 1\ -
{(7 = 1) tanh~1(1 — M?) o

_(1——M2)3/?< 2 >_
3 ¥ +1
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22V

since 8’(as) = 0 and all the higher derivatives are infinite on
the sonic line. 'Therefore, near the sonic line we have

¢ _ . 1—M2>_<27-—1><1—M2>2
ax ! < v+ 1 2 v+ 1 +
01 — M7 = [1 B <g>2/3 (v + D7V(=8)¥ +
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Consequently, all of the derivatives of ¢ with respect to the
canonical variable S are infinite on the sonie line. It is shown
in Ref. 11 how much better the variable ¢ represents the
transonic solution corresponding to the Ringleb® flow about
a semi-infinite half-plane. Equations (11-13) show how
easily series expansions can be obtained by using the variable
o or ¢ itself. These particular series expansions are useful
because they immediately give a magnitude estimate, or a
correction term, for the effect of a weak magnetic field.

Finally, it should be noted that, although the assumption
of an infinite conductivity has some physical significance as
a limiting case for an aligned magnetic field, it could only
provide a crude approximation to any physically possible
flow starting with a transverse magnetic field.

References

! Nochevkina, I. 1., “On the approximation method in ‘in-
vestigation of plane rotational flow in magnetohydrodynamics,”
Soviet Phys. Doklady 4, 549533 (1959).

2 Tur'ev, I. M., “On a solution to the equations of magneto-
gasdynamics,” Appl. Math. Mech. (Prikl. Mat. Mekh.) 24,
233-237 (1960).

3 Grad, H., “Reducible problems in magneto-fluid dynamic
steady flows,”” Rev. Mod. Phys. 32, 830-847 (1960).

4 Seebas, R., “On transcritical and hypereritical flows in
magnetogasdynamics,” ‘Quart. Appl. Math. 19, 231-237 (1961).

5 Tkalich, V. 8., “Two-parameter motions in magnetogas-
dynamics (Gromeka and Chaplygin transformations),” Appl.
Math. Mech. (Prikl. Mat. Mekh.) 26, 130-141 (1962).

6 Smith, P., “The steady magnetodynamic flow of perfectly
conducting fluids,” J. Math. Mech. 12, 505-520 (1963).

7 Bers, L. and Gelbart, A, “On a class of differential equations
in mechanies of continua,’’ Quart. Appl. Math. 1, 168-188 (1943).

8 Chaplygin, 8., “Gas jets,” NACA TM 1063 (1944).

9 Christianovich, S. A., “Flow about a body at high subsonic
velocities,” Central Aeronautical Institute, Rept. 481 (1940);
see NACA TM 1250 (1950).

1 Ringleb, F., “Exakte Lésungen der Differentialgleichungen
einer adiabatischen Gasstromung,” Z. Angew. Mat. Mekh. 20,
185-198 (1940).

11 Laifone, E. V., “Exact evaluation of Tricomi’s transoniec
approximation,” Phys. Fluids (to be published).

Local Similarity Expansions of the
Boundary-Layer Equations
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1. Formulation of the Asymptotic Expansion

CON SIDER. the incompressible boundary-layer equation
fmm +ﬁn7/ + B(E){l - (fn)z} = 2E{fnfn£ - f’c’fvm} 1)

and its boundary conditions
f(E0) = f3(§0) =0 fog, @) =1 @

that have been derived in Ref. 1, for instance. Introducing
the inversion wherein the independent variables become
(8, ), Egs. (1) and (2) may be written as

fnnn + fon + B{l - (frz)2} = E(B){fnfﬁn "'fﬁfnn} 3)
f(8,0) = f4(8,0) =0 Fa(B, @) =1 @

e(B) = 2£B'(5) = 2E(B)/E"(B) (5)
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